Patterns of chiral symmetry breaking and a candidate for a C-theorem in four 

dimensions 
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We test a candidate for a four-dimensional C-function. This is done by considering all asymp- 
totically free, vectorlike gauge theories with Nf flavors and fermions in arbitrary representations of 
any simple Lie group. Assuming spontaneous breaking of chiral symmetry in the infrared limit and 
that the value of the C-function in this limit is determined by the number of Goldstone bosons, 
we find that only in the case of a theory with two colors and fermions in one single pseudo-real 
representation of SU(2) the C-theorem seems to be violated. Conversely, this might also be a sign 
of new constraints, restricting the number of flavors consistent with spontaneous chiral symmetry 
breaking. For all other groups and representations we find that this candidate C-function decreases 
along the renormalization group flow. 

PACS numbers: 11.30.Qc,11.30.Rd 



I. INTRODUCTION 



For two-dimensional field theories, Zamolodchikov's C- 
theorem jlj states that it is possible to construct a C- 
function which decreases monotonically along the renor- 
malization group (RG) flow. This is viewed as a sign of 
irreversibility of the RG flow. This C-function depends 
on the couplings of the theory and is stationary at con- 
formal fixed points. At these it reduces to the central 
charge of the theory, and since this may be interpreted 
as a measure of the degrees of freedom, the C-theorem 
demonstrates the loss of information from short-distance 
behaviour to the infrared limit. 

Since a C-theorem measuring irreversibility of RG 
flows holds in two dimensions, it is natural to ask whether 
this is also true in four dimensions. A proof that this 
is indeed the case has been proposed but it has not 
been entirely accepted & [|] . In four dimensions we face 
the problem that Zamolodchikov's two-dimensional C- 
function does not generalise in a unique way. In fact 
there are three possible generalisations as well as com- 
binations of those. In ref. H, Cardy's proposal for a 
C-function in four dimensions ip has been discussed (see 
also [7-12]). It was seen, that the inequality cjjv > c ir 
was satisfied for all combinations compatible with asymp- 
totic freedom under the same assumptions as we will use 
below. Cardy's proposed C-function is constructed from 
the Euler term in the trace of the energy-momentum ten- 
sor. However, in this paper we will test an alternative 
candidate for a C-function, given by the coefficient pro- 
portional to the Weyl tensor in the trace anomaly p3[ . 
The properties of this C-function has been investigated 
previously. In a study of fif = 1 supersymmetric gauge 
theories it was concluded fll2| that no linear combina- 



tion of this C-function together with Cardy's proposal is 
decreasing in all models (except the trivial combination 
consisting of only Cardy's function) . Also, perturbative 
studies around perturbative fixed points have shown that 
in some cases this C-function increases along the flow 
S. However, the only non-supersymmetric gauge the- 
ory which have been studied non-perturbatively is QCD 
|14f where it was found that this C-function actually 
does decrease along the flow. Although there is evidence 
pointing towards Cardy's proposal, it is still of interest to 
study the properties of all possible candidates. We will 
follow the procedure of || . 

The theories we are considering are asymptotically 
free, vector-like gauge theories with Nf massless Dirac- 
fcrmions. Our assumption is that the C-function is given 
by the same expression also when we approach the in- 
frared limit, where chiral symmetry is assumed sponta- 
neously broken. We will not consider exotic scenarios 
where, in this limit, there are other massless states than 
precisely those required by Goldstone's theorem. We also 
assume that there are no fundamental scalars in the the- 
ory. Then, for a theory with Nf flavors of fermions the 
one-loop /3-function takes the form 
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and since we require that the theory be asymptotically 
free 



N f < 



111(g) 
4 i(r) ' 



(2) 
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Here £(Q) and £(r) are the indices of the representations 
of the gauge bosons (G) and fermions (r), respectively. 
This bound may be too weak since asymptotic freedom 
and chiral symmetry breaking may be lost for smaller 
values of Nf. 

The number of flavors Nf and the representation r is 
seen to be constrained by the demand that the theory 



2 



be asymptotically free. We now want to compare the 
values of the C-function in the ultraviolet and infrared 
fixed points, for all irreducible representations of com- 
pact, simple Lie groups and for all Nf compatible with 
asymptotic freedom. 

The C-function we want to test takes the value 



N + 6N 1/2 + 



12JVi 



(3) 



at the fixed points. Here, No is the number of mass- 
less real scalars, N\/2 1S the number of massless Dirac 
fermions and N% is the number of massless gauge bosons. 
In the ultraviolet limit we have 



c uv = 6N f d{r) + 12d(G) 



(4) 



where d(r) and d{Q) are the dimensions of the represen- 
tation r and of the gauge group Q, respectively. 

The value of the C-function at the infrared fixed point 
is given by the number of massless degrees of freedom, 
i.e. the dimension of the Goldstone manifold. Thus it 
depends on the way in which chiral symmetry is sponta- 
neously broken. There are believed to be three ways in 
which this can happen p5| , a conjecture which has very 
recently been investigated in the context of lattice gauge 
theories jL6|. The three classes of breaking to consider 
are: 

• The representation of the fermions is pseudo-real. 
Spontaneous breaking of chiral symmetry in this 
case is expected to break SU(2Nf) to Sp(2Nf). 

• The representation is complex. Here we expect 
the symmetry breaking pattern to be SU(Nf) x 
SU(N f ) -> SU(N f ). 

• The representation is real. This case is similar to 
the pseudo-real case, but here the expected sym- 
metry breaking pattern is SU(2N f ) -> SO(2N f ) 

These cases can be labelled by their Dyson-indices, 
(3 = 1, (3 = 2 and (3 = 4 respectively, due to a connection 
to Random Matrix Theory |L7|. That these classes of 
spontaneous symmetry breaking actually do occur in the 
N c — > oo limit has been proven in ref. pl| for the classes 
(3 = 2, (3 = 4 with arguments easily extended to (3 = 1 
H . Each case assumes maximal symmetry breaking con- 
sistent with the Vafa-Witten theorem [jl9[ and thus gives 
an upper bound on the value of the C-function in the 
infrared. Determining the number of Goldstone bosons, 
we have 



cm 



Nf(2N f -1)-1 
N f (2N f + l)-l 



for (3=1, 
for (3 = 2, 
for f3 = A. 



It is useful to note that cir((3 = 2) < cir((3 
c ir{(3 — 4). This leads to the following lemma j| 



(5) 
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Lemma: If cjjv — cir((3[tq\) for fermions in a represen- 
tation ro of Q with dimension d(ro) and index l(ro), then 
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FIG. 1: Upper bounds on the number of flavors as a func- 
tion of the number of colors for the defining representation 
of SO(N c ), requiring cuv > cm (•) and asymptotic freedom 
(A). 



this will also hold for all other representations r of Q with 
ci R {(3[r]) < c m (f3[r ]), d[r) > d(r ) and l(r) > Z(r ). 

It is in the sense of the last two inequalities, that we 
will talk about the smallest representation. 



II. GROUPS AND REPRESENTATIONS 

We now perform a systematic investigation of simple, 
compact Lie-groups in the Cartan classification. 

SO(N c ): Since SO (2) is abelian, ,50(3) - SU(2), 
SO(5) ~ 5p(4), 50(6) - SU(i) and since 50(4) is not 
simple, here we only consider SO(N c ), N c > 7. The di- 
mension of SO(N c ) is d{Q) = N C (N C - l)/2 while the 
index of the adjoint representation is 1(G) — N c — 2. 

The defining representations are real ((3 = 4) and for 
these £(r) = 1 and d(r) = N c . Thus 



cuv = 6N c N f + 6N c {N c -l) 
cir = N f (2N f + l)-l. 



(6) 



Solving the condition cjjv — cir with respect to Nf we 
find, that 

N f <- (W c - l + ^3(28^2 - 2(W C + 3)) , (7) 

which is well above the bound from the condition of 
asymptotic freedom 



Nf< l l(N c -2). 



(8) 



3 



'0 N 



FIG. 2: The upper bounds on Nf for the fundamental repre- 
sentation of Sp(2N c ), requiring cuv > cir (•) and asymptotic 
freedom (a). 



FIG. 3: Upper bounds on Nf for the smallest real represen- 
tation of Sp(2N c ), requiring that the C-theorem be fulfilled 
(•) and asymptotic freedom (A). 



This is illustrated in Fig. El Wc now use the lemma 
on all other representations of SO(N c ), since all have 
l(r) > 1 and d(r) > N c . Thus, this function satisfies the 
C-theorem for the group SO(N c ) 

Sp(2N c ): The dimension of Sp(2N c ) is d(G) = 
N C (2N C + 1) and the index of the adjoint representation 
is£(g) = 2{N C + 1). 

The representations of Sp(2N c ) are all real or pseudo- 
real. The fundamental representations of Sp(2N c ) are all 
pseudo-real and have £(r) = 1 and d(r) = 2N C . Thus 



c uv = 12N C (2N C + 1) + 12N c N f 
c IR = JV>(2JV> - 1) - 1. 



(9) 



Again we require that cjjv > cm which corresponds to 
N f < ~ (l2iV c + 1 + v/3(1127V c 2 + 40iV c + 3)) . (10) 

This should be compared to the condition of asymptotic 
freedom 



Nf< y(JV c + l). 



(11) 



This is illustrated in Fig. |[ It is seen that for N c — 
1 corresponding to Sp(2), we have a non-trivial bound, 
Nt < 8 instead of the bound of Nt < 11 obtained from 
demanding asymptotic freedom. For N c = 2 it looks like 
there is another non-trivial condition but in this case 
both conditions give the same bound, namely Nf < 16. 
Since all pseudo-real representations have £(r) > 1 and 
d(r) > 2N C we conclude from the lemma that the C- 
theorem is fulfilled for all pseudo-real representations as 
long as N c > 2. 



Considering now the real representations, the smallest 
of these has d(r) = N C (2N C - 1) - 1 and £(r) = 2(N C - 1) 
(note that this representation is trivial for Sp(2)). In this 
case 

c uv = 12iV c (27V c + 1) 

+6JV>(JV c (2iVc - 1) - 1) 
cm = Nf(2N f + (12) 

The condition cuv ^ c m is now equivalent to 



Nf < — (l2iV c 2 - 6N C - 7 + V3 



x ^48^ - 48iV c 3 + 207V,? + 60N C + 19 .(13) 



The condition 



ensuring asymptotic freedom becomes 

Nf < H^£±l ( 14 ) 
1 4 N c - 1 V ' 

and the situation is illustrated in Fig. S. It is seen, that 
for N c > 2 we have cuv ^ cm and since this was the 
smallest real representation, by the lemma we conclude 
that the C-theorem is valid for all real representations of 
Sp(2N c ). 

SU(N C ): The group SU{2) plays a special role, so 
we begin by considering N c > 3. For SU(N C ) we have 
d(G) = iV c 2 - 1 and 1{Q) = 2N C . The fundamental repre- 
sentations are complex, they all have £(r) = 1 while the 
dimension is d(r) = N c . The C-function in the two limits 
thus becomes 



cuv 
cm 



12(N 2 C 



1) 



(15) 
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FIG. 4: The upper limits on Nf as a function of N c for the 
fundamental representation of SU(N C ), requiring cuv > cir 
(•) and asymptotic freedom (A). 

which leads to 

Nf < 3N C + V/-11 + 21JVI. (16) 

The condition (g) becomes iV/ < lliV c /2, so that (|lf) 
is automatically satisfied as illustrated in Fig. ||. This 
result was already noticed in ref. jl4| . All other complex 
representations have larger dimensions and indices than 
the fundamental representation. Thus we conclude, that 
the C-theorem is valid for all complex representations of 
SU(N C ). 

The adjoint representations are always real and have 
l(r) = 2N C and d{r) = JV| - 1. In this case 

c uv = l2{N 2 c -l) + Q(N 2 c -l)N f 
c m = JV>(2JV> + 1) - 1. (17) 

Thus 

Nf < - (6N 2 - 7 + ^3(12^ + 4^,?- 13)) . (18) 

This is much above the bound of Nf < 11/4 from the 
requirement of asymptotic freedom, and thus cuv > Cjr 
for the adjoint representations of SU(N C ). 

But there are other real and pseudo-real representa- 
tions, and for these it is not possible to select the smallest. 
Thus it seems like we have to check the representations 
on a case-by-case basis. This was done in ref. || up to 
and including SU(9) and it was found, that only SU(4) 
and SU(6) have representations that are both smaller 
than those of the adjoint representations and satisfy the 
constraint from asymptotic freedom. For SU (4) there 
are three relevant real representations, out of which the 



smallest has £(r) = 2 and d(r) — 6. For this representa- 
tion we get 

c uv = 367V/ + 180 

cm = N f (2N f + 1)-1, (19) 

and thus 

N f < i(35 + 9\/3) (20) 

which is above the bound of Nf < 11 from the condi- 
tion (Q). We now use the lemma on the other two real 
representations . 

SU (6) only has one relevant representation which is 
pseudo-real and has £(r) — 6 and d(r) — 20. The condi- 
tion cuv > c ir is automatically satisfied, since it trans- 
lates into Nf < (121 + 3V2001V4 which is much above 
the bound of iV) < 11/2 from (§). 

Turning now to the group SU (2) the smallest pseudo- 
real representation is the fundamental, which has £(r) = 
1 and d(r) = 2. The bound of Nf < 11 from the re- 
quirement of asymptotic freedom is seen to be above the 
bound of Nf < (13 + \/465)/4 w 8.6. However, this is as 
expected since SU (2) ~ Sp(2) so this is in fact the same 
representation which had this feature for Sp(2). For the 
real representations the smallest has £(r) = 4, d(r) = 3 
so that the bound of N f < (17 + 3V65)/4 from the re- 
quirement of cuv > cir is much above the bound of 
Nf < 11/4 from (|). 

The exceptional groups: For the exceptional groups we 
only need to calculate the bound on Nf£(r) from the 
requirement of asymptotic freedom and then check the 
possible representations. This is done based on the tables 

of U- 

E 6 has adjoint index 24 and the condition (||) thus be- 
comes Nf£(r) < 66. The relevant representations are the 
fundamental and the adjoint. The fundamental represen- 
tation is complex and has d(r) — 27, £(r) — 6 and the 
adjoint has d{r) = 78. In both cases cuv > cir. 

In Er the adjoint index is 36 and thus Nf£(r) < 99 
from (g). There are two relevant representations, the 
fundamental is pseudo-real and has d(r) — 56 and £(r) = 
12, while the adjoint representation has dimension d(r) = 
133. Again we find that cuv ^ c ir- 

Eg only has one relevant representation, the fundamen- 
tal which coincides with the adjoint. Here d(r) — 248 
while £(r) = 60, and again it is seen that cuv ^ c ir- 

For the group F4 the adjoint index is £(Q) = 18 and 
the condition for asymptotic freedom is Nf£(r) < 99/2. 
Again there are two relevant representations. The fun- 
damental representation is real and has d(r) = 26 and 
£(r) = 6 while the adjoint has d(r) — 52. By the lemma, 
since cuv > cir for the fundamental representation this 
is also the case for the adjoint. 

The last group, G2, has adjoint index £(Q) = 8 and 
thus Nf£{r) < 22. There are three relevant representa- 
tions, all real. The adjoint representation has d(r) = 14 
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while the fundamental is the smallest with d(r) = 7, 
£(r) = 2. Since cjjv > c ir f° r the fundamental we need 
not check the others. 

III. CONCLUSION 

To conclude, we have performed a systematic inves- 
tigation of all representations of simple, compact Lie 
groups. We have shown that in only one case, the re- 
quirement of asymptotic freedom is insufficient to ensure 
that the candidate C-function considered in this paper 
decreases from the ultraviolet to the infrared. This one 
case is for one pseudo-real representation of the gauge 
group ST/ (2) ~ Sp(2). In all other cases, demanding 



asymptotic freedom alone guarantees that the inequality 
c uv > cm is fulfilled. 

This result supports the general belief that Cardy's 
proposed C-function is the most likely candidate if 
Zamolodchikov's C-theorem is to be extended to four di- 
mensions. Alternatively, this may be viewed as an in- 
dication of a non-trivial upper limit on the number of 
flavors in the SU(2) theory consistent with spontaneous 
breaking of chiral symmetry. 
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